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ABSTRACT 

We show that under a stronger hypothesis, a theorem of Luxemburg can be 
sharpened. 

Suppose .,g = ~ ' (X ,  M) is the full L-structure over X, *~g is a higher order 

model of  ,,r162 and A is an entity of  type (a) of  *,//r (i.e., an internal set of  entities 

of  type (a)). In [1] (from which all our notation i s taken) Luxemburg asks about 

the relationship between the discrete monads #d(A) and Pd({A}) and proves (Theo- 

rem 2.6.2) that if *,/r is an enlargement, then/~d(A) = #d( U #d({A}). We prove: 

THEOREM. Under the above conditions, i f  *.A[ is an enlargement and either 

A is a singleton or *,.g is saturated, then g~(A) = U #d({A}). 

PROOF. By Luxemburg's theorem it is sufficient to prove that #d(A) ~-- U#~({A}). 

We first note that if R ~ M and A ~ *R, then #d(A) -  u * R .  This follows easily 

from the fact that A ~ *R implies A _ U *R = *(uR) .  

Now choose any a E lzd(A ). From the above, we see that for each R ~ M such 

that A z *R, we can find an entity BR such that a ~ BR ~ *R. We look at two cases. 

Case 1. A is a singleton. Then for each R, look at the set S = {r E R: r is a 

singleton}. Since S contains all the singletons of  R, *S must contain all the single- 

tons of  *R. In particular A e *S. Thus we may find a set B s such that a ~ Bs ~ *S 

_ *R. But *S contains only singletons so a ~ Bs ~ *S implies Bs = {a}. Thus we 

have shown that for each R ~ M such that A e *R, we have {a} ~ *R. This in turn 

tells us that {a} e #d({A}) and therefore a ~ u #d({A}). 

Case 2. *,/g is saturated. Let b be the internal relation defined by 03(b, D, B) 
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~--~a~B~D, and let ~ = { * R : A ~ * R } .  Suppose *Ro, . . . ,*R, ,~ .  Then D 

= n *Rk = *( n Rk ) e ~ ,  and therefore, by our earlier work, there exists a 
k<=n k<=n 

single entity BD satisfying a ~ Bo e n *Rk" Hence b is concurrent on 9 .  This 
k~n 

however, by saturation, implies that there exists a set S such that for each R ~ M, 

A ~ *R implies a ~ S e *R. Thus a ~ S ~ pa((A}) which again implies a ~ t_) pd({A)). 

We do not know if saturation is necessary even in the case that A has only 

two elements. 
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